Radiatively induced Lorentz-violating operator of mass dimension five in QED 
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Abstract 

The first higher derivative term of the photon sector of Lorentz-violating QED, with operator of mass 
dimension d — 5, is radiatively induced from the fermion sector, in which contains a derivative term with 
the dimensionless coefficient g x ^ iv . The calculation is performed perturbatively in the coefficient for Lorentz 
violation, and due to the fact that the contributions are quadratically divergent, we adopt dimensional 
regularization. 
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I. INTRODUCTION 



The standard-model extension is a effective field theory that describes violations of Lorentz 
symmetry at attainable energies It contains renormalizable terms formed by the contraction 

of Lorentz-violating operators of mass dimension d = 3 and d = 4 with coefficients of mass di- 
mension d = 1 and dimensionless, respectively. Recently studies of the Lorentz-violating quantum 
electrodynamics (QED) with operators of arbitrary mass dimensions have been carried out for the 
effective photon propagator, which include nonrenormalizable CPT-odd and CPT-even terms with 
operators of mass dimension d > 5 (higher derivative extensions), contracted with coefficients of 
mass dimension d < 



-lfl. 



The first term with dimension five operator considered in Ref. 
extension of CPT-odd term given by 



is the first higher derivative 



C k = \e K ^A x (k AF ) K ^d a d p F^, (1) 

with (kAF)^ = ^\ £K\fivK- XfJ ' ua ^ , so that it can be rewritten as 

C k = K^A^dpdadpA,,, (2) 

where the coefficient JC^ upal3 has antisymmetry in the first three indices and symmetry in the last 
two. 

In this work we are interested in studying whether the above term (J2j) can be induced through 
radiative corrections from the fermion sector of the Lorentz-violating QED, in the same way that 
was argued for the term with dimension four operator, the Chern-Simons term [5J. For other details 



and related references, see also 



To study this issue, we will consider the derivative term with dimension four operator of the 
Lorentz-violating QED, which has the same C, P, and T transformation properties as the higher 
derivative term ([2]), namely, the term with the coefficient g xpu (see table I in Ref. 

As the coefficient of the higher derivative term ([2]) has mass dimension d = —1, i.e. it is 
suppressed by one power of mass dimension, which may be related to the Planck mass Mp\ (so 
that K, ~ M" 1 ) [20(], such radiat ive induction could set small constraints on the dimensionless 
coefficient of the Lorentz-violating QED. 

In the Ref. 21[ , the smallness of the coefficients associated to the operators of mass dimension 
d = 3 is explained as being due to a transmutation of dimension five operators into dimension 
three operators, via supersymmetry breaking. In our case, we have a dimension five operator being 



2 



radiatively induced from a dimension four operator. However, it has been argued in [2J that the 
coefficient already expected to be naturally suppressed, since it would be generate from 

higher dimensional operators. 

In next Sec. HH we perform the radiative corrections of the higher derivative term ([2]) from 
the derivative term with the coefficient g^ v . In Sec. IIIII we analyze the dispersion relation, in 
order to observe the stability of the theory, and in Sec. IIVI we obtain numerical estimations for the 
Lorentz-violating coefficient. A summary is presented in Sec. El 



II. RADIATIVE CORRECTIONS 



As we pointed out in the Introduction, the derivative term with the dimensionless coefficient 
g x ^ is a potential candidate to generate the higher derivative term ([2]), which has the coefficient 
Yjivpctfi Q £ mass dimension d = — 1. Note that for /C oc g, we must have a certain linear combination 
of g^ 1 ' in order to take into account the antisymmetry and symmetry properties of JC IIUpal3 . In 
fact, this is what happens, as we will see below. 

The fermion sector we are interested is described by the Lagrangian 



(3) 



where a K \ = §[7k,7a]- The corresponding Feynman rules for the perturbative treatment are given 
as follows. The fermion propagator, 

i 



p — m 

and the fermion-photon vertex, 



(4) 



> < > = "*7 M , (5) 

are the usual ones. The coefficient for Lorentz violation lead to a insertion in the fermion propa- 
gator, 

> • > = Js^'XaPm, (6) 



and to a additional vertex, 



\ 9 kX ^ kX . (7) 
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FIG. 1: One-loop contributions. 



The relevant one-loop contributions for the radiative corrections to the Lorentz-violating higher 
derivative term ([2]) are depicted in Fig. [TJ These expressions are given by 

= - J ^tT(-t)^iS(p) l -g^a KX p p iS(p)(-t)^iS(p-k), (8a) 

in S = " / Wf tr - k )\^ P(j ^p - k p) iS & - k ^ ( 8b ) 

m S = " / (C^ tr ("0 9^<?,xiS(p)(-i)i^S{p - k), (8c) 
m W = " / (^ tr (-0 <f Ai X A *S(p - k), (8d) 

with S'(p) = {f — m) _1 and tr means the trace over the Dirac matrices. 

In order to perform the above integrations, we first combine the denominators by employing 
Feynman parameter and later calculate the trace over Dirac matrices. Due to the fact that the in- 
tegrals are quadratically divergent by power counting, we now adopt dimensional regularization by 
extending the spacetime from 4 to 4 — 2e dimensions, so that d 4 p/(27r) 4 goes to /J? e [d 2e p/(2ir) 4: ~ 2e ] 
and g a Q = 4 — 2e, in the conventional way. However, when we finally integrate over momenta and 
Feynman parameter the divergent contributions of Eqs. (JSj) cancel each other, as also observed 
in [n]]. The total result of the four expressions, ILg" = II^a + IL^X + 11^ + is as follows 



= vm 
9 4tt 2 (A; 2 ) 3 / 2 



/-TK Am 2 ( yk 2 

Vk z — arctan 



G^kpkakp, (9) 



V 4m 2 — k 2 \ \/Am 2 — k 2 

where 

gfivpa/3 _ gfj.ua ^p _|_ gpu/3 ^ap _ ^ppa^u _ gPPl 3 g au _ g pua g l3 P — g pv $ g ap . (10) 

Note that Q^p^ has the same antisymmetric and symmetric properties of K, pvpOL ^ , as required for 
a consistent radiative correction of the higher derivative term (J2J. 

The calculation of the trace over Dirac matrices in the expressions (|8|) is not complicated in 
the 4 — 2e dimension, because we do not have the presence of the dimension-dependent 75 matrix. 
Therefore, we believe that there is no room for ambiguities in the above perturbative calculation. 

The Eq. ([9]) is well defined for < k 2 < Am 2 , so that an extension for k 2 > Am 2 requires an 
analytic continuation. However, as we are interested in a low-energy limit, in which k 2 << 4m 2 , 



this expression is enough for our purposes. In this way, the leading contribution, as k 2 /m 2 tends 
to zero, is given by 

nr = wj^^k p k a k, + o(^), (ii) 



9 24mvr 2 " 9 a p ' \m\ 

which yields the Lagrangian 

C ° = 2^ GIXV ^ A ^ dad ^ (12) 
in coordinates space. This completes our radiative correction. 

Note that the totally antisymmetric part of g^ u (g XfJ/U ), contained in Eq. (|12p . contributes 

to a higher derivative Chern-Simons term, namely, e R ^ v g R A\\Z\F^ v , with g K = — e K \ llI/ g Xl11 ' . 
Therefore, as the coefficients g^ and always appear together, e.g. through a field redefinition 
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22| | . we also expect a radiative contribution coming from for this higher derivative Chern- 
Simons extension. 

Another term that can be contained in (1121 ) is the term of the photon sector of the Myers- 

n 

Pospelov model [20|, given by ge KfJ-up n K n a n" ApdadpdpA^, which has been extensively studied in 
literature but essentially for purely timelike n K . However, recently it was shown in [33J 

that for this timelike preferred direction, unitarity and causality are violated. On the other hand, 
for the purely spacelike case both stability and analyticity are preserved while microcausality is 
highly suppressed, which indicates the possibility of a consistent quantization of the theory. 

Analyzing the components of Qv- v P a fi (jiop , we observe that Q l i k0 ° is identically zero, i.e. the 
timelike Myers-Pospelov term is not radiatively induced. This is consistent with the analysis 
performed in [33], since this preferred direction has nonunitarity evolution. 

Now choosing only the components Q Qi i kl ^ g i 0jki^ anc j gijOkl ^ Q ^ e nonzer0) we have the radiative 
induction of a kind of spacelike Myers-Pospelov term, because some components are missing. In 
fact, this corresponds to take into account in our calculation only the component g° 1 ^ . Note that, 
as the other components <7 y0 , 5°*°, and g^ k induce terms containing higher time derivatives, which 



would spoil unitarity (for a recent discussion, see 



III. DISPERSION RELATION 
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3q|). they must be ruled out. 



The dispersion re 
is written as follows 



ation that emerges from the Maxwell Lagrangian extended by the term (112j) . 
1 

k 4 + 4(k AF ) 2 k 2 - 4(k AF • k) 2 = 0, (13) 



where 

{%af) * = h.2^ e ^ 9X " va " kak ^ (14) 

As can be easily seen, the purely timelike (^p) K is composed only of components g lj0 and g ljk . 
Therefore, as we are interested only in the component g 3 , we restrict ourselves to the spacelike 
preferred direction. In this case, we have (&af)o = and 

(kAF)i = 2 24m7r 2 e »°j fc ^° Jfcfalfe ^ m ' (15) 

so that kAF • k = for any situation, i.e. {kAF)i and fe, are always perpendicular. 

We now assume, for simplicity, the case of k^ = (fco, 0, 0, Aft). With this choice, we obtain 
Oaf)i = 9 023 k 3 k 3 , (kAFh = -J2^9 013 k 3 k 3 , and (A j4j p) 3 = 0, so that the dispersion relation 
(p~3|) becomes 

(fc 2 - k 2 ) 2 - ^4{kl - kl) = 0, (16) 

where g 2 = 144T ^i 7r 4 [(g° 23 ) 2 + (5 013 ) 2 ]- The solutions are a usual dispersion relation, k 2 , = k 2 , and 
an unusual one, 

k 2 = k 2 (l + 4g 2 k 2 ). (17) 

Analyzing the above unusual expression (|17p . we observe that the energy is always real and 
becomes usual when g goes to zero. Another characteristic found is that the solution is within the 
light cone. These are strong indications that unitarity is preserved in the theory. In fact, these are 
also characteristics found in the spacelike dispersion relation of the Myers-Pospelov model 33]. 



To observe this more clearly, let us analyze the pole structure of the Feynman propagator. For 
this, we focus on the poles of the function 

k 2 

K = s s , (18) 

k 4 + 4(k AF ) 2 k 2 - 4(k AF ■ k) 2 



already obtained previously for the Chern-Simons parameter (kAF)n case [13J, but that is the same 
for our case. Note that for the case of purely spacelike (/caf)k, we have 

K = — s , (19) 

k 2 - k 2 - 4(k AF )t 

and hence the propagator is well-behaved. 
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IV. NUMERICAL ESTIMATIONS 



Bounds on the coefficient Q of Eq. (|12|) can be easily obtained from bounds on the coefficient /C, 
in systems related to the cosmic microwave background (CMB) polarization [stJ and astrophysical 



birefringence [3[ (see also table XV in Ref. [38t|). Thus, we roughly estimate Q ~ 1CP 21 and 
~ 1CP 33 , respectively, where we considered m as being the electron mass. In this way, we get small 
estimates for the coefficient g Xflu from radiative corrections, compatible with the maximal attained 
sensitivities 



V. SUMMARY 



In this work we show that the higher derivative term ([2]) , the first higher derivative extension of 
Lorentz- violating Chern-Simons term, is radiatively induced from the fermion sector of the minimal 
Lorentz-violating QED. The calculation was performed by taking into account the derivative term 
with the coefficient g ^ , which has the same C, P, and T transformation properties as the higher 
derivative term ([2|). Due to the absence of 75 matrix, we believe that the perturbative calculation 
adopted here, is free of ambiguities. The component g ^ induces a kind of spacelike Myers-Pospelov 
term, in which the resulting theory appears to be unitarity. Finally, we observe that such radiative 
correction seems to be compatible with the expected smallness of the dimensionless coefficient g^ u . 
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